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1 Introduction 


The notion of effective action plays a vital role in the modern treatment of quantum held 
theory. (See, for instance, [HE]-) In this review article, we deal with a special class of low 
energy effective actions that are controlled by (broken) extended rigid supersymmetry in four 
spacetime dimensions and permit exact determination exploiting integrals on a Riemann surface 
in question. A main object in such study is the low energy effective prepotential to be denoted 
by generically in this paper, which has proven to be central not only in the original case 
of unbroken M = 2 supersymmetry initiated by the work of Seiberg-Witten [31ll] but also in 
the case where this symmetry is broken by the vacuum or by the superpotential. The review 
will be presented basically in a chronological order, following the three major stages of the 
developments that took place during the periods 1994 2002 ~ and 2009 ~. Each of the 

three subsequent sections will explain pieces of work done in its respective period. 

An emphasis will be put on the deformation theory of the effective prepotential on the 
Riemann surface as an extension of the Seiberg-Witten system consisting of the curve, the 
meromorphic differential and the period as well as its close relation to matrix models. 

We conclude from the examples taken here in the different contexts that the effective pre¬ 
potential is in fact identified as the suitably defined free energy F of a matrix model: T = F. 
While this is hardly a surprising conclusion from the point of view of mathematics of inte- 
grable systems and soliton hierarchies, the number of examples in QFT where this is explicitly 
materialized is not large enough. This note may serve to improve the situation. 

In the next section, after presenting the curve for J\f = 2, SU{N) pure super Yang-Mills 
theory as a spectral curve of the periodic Toda chain, we discuss the deformation of the effective 
prepotential by placing higher order poles to the original meromorphic differential. We give a 
derivation of the formula which the meromorphic differential extended this way obeys. 

In section three, we discuss the degeneration phenomenon of the Riemann surface necessary 
to describe the J\f = 1 vacua that lie in the conhning phase and introduce the prepotential hav¬ 
ing gluino condensates as variables. We apply the formalism in section 2 here, and describe the 
situation by the use of mixed second derivatives. After discussing the emergence of the matrix 
model curve and giving sample calculation, we hnish the section with the case of spontaneously 
broken M = 2 supersymmetry in order to illustrate the role played by the two distinct singlet 
operators one of which is the QFT counterpart of the matrix model resolvent. 

In section four, we go back to the situation of A/" = 2 and discuss the developments asso¬ 
ciated with the AGT relation and the upgraded treatment of the all-genus instanton partition 
function and therefore the deformation of the Seiberg-Witten curve to its noncommutative 
counterpart. A finite N and /3-deformed matrix model with hlling fractions specified emerge as 
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an integral representation of the conformal/W block and we discuss the direct evaluation of its 
g-expansion as the Selberg integral. We hnish the section with mentioning some of the more 
recent developments. 

Please note that the model or theory hops from one to the other as the sections proceed 
and that each section has its open ending, indicating calls for further developments of this long 
lasting subject. 


2 effective prepotential from extended Seiberg-Witten 
system 

We will not give here an account of the construction of the curve itself |3H9] , (for a recent review, 
for instance, [10]) nor its connection to classical integrable system [TT1j26] . Also omitted is the 
discussion associated with the WDVV equation, for which we direct the readers to [27ti2^ as 
well as references contained in [3011^ . 


2.1 curves, periods and meromorphic differentials 

The list of papers which discuss subjects closely related to that of this subsection include 

[SHinilllHSSllaMT]. 

Let us recall the most typical situation and consider the low energy effective action (LEEA) 
for J\f = 2, SU{N) pure super Yang-Mills theory. The symmetry of LEEA at the scale much 
smaller than that of the W boson mass is 17(1)^“^. The relevant curve is a hyperelliptic 
Riemann surface of genus N — 1 described as 


Here, 


y 2 

where 

Pn{x) 


F^(a;)-4A2^ 


N N 

(det(a;l — <h)) = — Pi) = ^ UkX^~^ 

i=l k=2 

N 

'^Sk{hi)x^~'^. 

k=0 


hi — 




2=1 


e = 2,3,---,N, 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


2 


and Sk{hi) are the appropriate Schur polynomials. Introducing the spectral parameter we 


write the curve as that of the periodic Toda chain: 




Pn{x) — z + , 

(2.4) 

A2V 


r- ^ 

(2.5) 



00 + 


oo_ 


The distinguished meromorphic differential for the construction of the effective prepotential is 
given by 


cl*Ssw = xd\ogz = xt{x)dx, t{x) = 


P' 


The characteristic feature of this is the existence of double poles at oo±. Later in this 
section, we interpret this to be the case where only Ti has been turned on. 

The defining property is that the moduli derivatives are holomorphic: 


A. 

dui 


d5 


sw 


X 


N-k 


2, A 
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-dx, 
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A. 

dui 


dA 


sw 


X 


N-k 


x,A 


Y 


-dx — d 
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N-k+l 
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( 2 . 6 ) 


(2.7) 


The prepotential J^sw is introduced implicitly by the A cycle and B cycle integrations on the 
Riemann surface: 


tti — d) dS's'w, 

'Ai 




sw, 


(= ) = 4 ^ dS'sw- 


dtti 


( 2 . 8 ) 


Bi 


While Uk possess invariant meaning both in the moduli space of the Riemann surface and in 
the integrable system, it is these constant background fields or Coulomb moduli a*, af = 
which are directly related to the observables through the BPS formula. The moduli derivatives 
are coordinate dependent as we see in eqs. (12.61) and (12.71) . The final expression for J^sw is 


going to be coordinate independent. This is supported by the pieces of evidence we present 
here that the effective prepotential is identified as the free energy of a matrix model. 
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2.2 Whitham deformation of the prepotential and the appearance 
of “thermodynamic” relation 

The list of papers which discuss subjects closely related to that of this subsection include 


We would now like to review the deformation of the effective prepotential above which we 
have denoted by Wsw- The basic idea of this extended theory of effective prepotential often 
referred to as Whitham deformation is to deform both moduli of the Riemann surface and the 
meromorphic differential above consistently without losing the dehning properties: 

^ d ^ 

dS'sw els'; 7 — dS'L A = holomorphic. (2.9) 

ohk 

We have adopted the choice that z is hxed when the moduli derivatives are taken. We carry out 
the deformation by adding higher order poles to the original meromorphic differential containing 
the double poles. Let us denote the local coordinates in their neighborhood generically by ^ 
and 

^ or x~^ . ( 2 - 10 ) 

In order to describe the deformation, let us introduce a set of meromorphic differentials dff^ 
that satisfy 

dfl^ = + non-singular part £ = 1.2,3, ••• . (2-11) 


We are still left with the ambiguities that any linear combination of the canonical holomorphic 
differentials dcu* can be added to the right hand side. In order to remove these, let us require 
a set of conditions 



( 2 . 12 ) 


The ones which are not subject to the conditions eq. (l2.12p are denoted by dfl^. 
Let us hrst state the formula 
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d,S = ^ a^dui + 

i=l £>1 


(2.13) 


and outline its derivation below. As before, a* are dehned to be the local coordinates in the 
moduli space 

a* = / d^ , (2.14) 

JAi 

while T^, referred to as time variables or T moduli, are given by 


Ti = res^^d^ , 


(2.15) 
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once eq. fl2.13p is established. One then regards a* and Ti as independent, taking dependent: 
hk = hk{a\Ti). The (extended) effective prepotential J^{a\Ti) is introdnced via 

BT r - r)T 1 

The derivation of eq. fl2.13p begins with the introdnction of the time variables via a 
solntion dS{Ti\h) to eq. fl2.9p . 


namely, 


ddS 


= dO^ , and hence 


dai 

m 


= 0 . 


(2.17) 


In terms of onr intermediate bases dO^, eg. (12. 9 p reads 

d ^ 


dhi 




2=1 


while dO^ = dO^ + cf^dui , 


2=1 


as the difference between dO^ and dO^ can be spanned by the holomorphic differentials, 
the solntions as 


hence 


dS = Y,l^m{T)dK{h) , 


ddS sr^ ( df3rr,. ^ dh 


dn. 


E 


dT„ 


dO^ + Pm 

k i=l 


Exploiting eq. fl2.17p . eq. fl2.19p and eq. fl2.2ip . we obtain 

dP; 


^ 

rvTi ^m,n 

dT„, 


i.e. PmiT) = T„ 


as well as E f E 

k ” \ m 


(m) \ ^ _^(^) 


Snbstitnting eq. fl2.22p and eq. fl2.19p into eq. fl2.20p . we obtain 

d^ = T^dn^ + E E 

m mi 

whose integrations over the Ai cycles yield 


(2.18) 

(2.19) 

Expand 

( 2 . 20 ) 
( 2 . 21 ) 


( 2 . 22 ) 

(2.23) 


(2.24) 


Qjn - 




mCj 


(m) 


(2.25) 


This shows eq. fl2.13p . 
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2.3 connection with the planar free energy of matrix models 

Already at this stage of the developments, a keen connection of the extended Seiberg-Witten 
system with the construction of matrix models in general, or more specihcally, the similarity of 
the effective prepotentials with the (planar) free energy of matrix models was visible. In fact, 
starting from the homogeneity of the moduli and the prepotential, it is possible to derive an 
integral expression for which resembles that of matrix model planar free energy in terms of 
the density one-form on the eigenvalue coordinate. See, eq. (4.12) of [21]. Also [T1 ] [T6 ] [T8]. 

One of the goals of the present review is to put together subsequent several developments 
that took place and have made this phenomenon more prominent. These are presented in the 
next two sections. 


3 Gluino condensate prepotential 

One major use of the deformation theory of the effective prepotential presented above took 
place in the context of gluino condensate prepotential built on various M = 1 vacua in contrast 
to J^sw and its extension in section 2. We hrst consider the case in which the breaking to 
J\f = 1 from J\f = 2 supersymmetry is caused by the superpotential in the action. Later we 
will contrast this with the case in which A/" = 2 is broken spontaneously to A/" = 1 at the tree 
level HDHH]. 0 

3.1 degeneration phenomenon and mixed second derivatives 

The list of papers which discuss subjects closely related to that of this subsection include 

[MiiTsHinni. 

Let’s £x an action to work with: it is a U{N) gauge theory consisting of adjoint vector 
superfields and chiral superhelds with canonical kinematic factors and the superpotential turned 
on in the M = 2 action drives the system to its A/" = 1 vacua. 

As a phenomenon occurring on a Riemann surface, we consider the situation where a de¬ 
generation takes place and some of the cycles coalesce to form a new set of cycles. As for 
the description of the low energy effective action (LEEA), some of the original Coulomb mod¬ 
uli disappear and the product of these U{1) s gets replaced by non-Abelian gauge symmetry 

n 

]^S'f/(Aj). We tabulate these pictures below. 

i=l 

^Actually, supersymmetry is broken dynamically in the metastable vacua in both cases as was demonstrated 
in cniEiii in the Hartree-Fock approximation. 
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M = 2 


U{N) pure SYM -^ 

deformed 
by superpotential 


M=l 

~~n 

n 


9n+l 


d^etlWn+li^) 


n 

such that W'^j^i{x) = — oti) 

i=l 


LEEA X [/(I) 

Coulomb 


X f/(l) X 

i=l 

Coulomb confining 



The AT = 1 vacua are labelled by the set of order parameters representing gluino condensates: 


Sj (X TVs[/|k,)W'"W''„, 1 = 1, ■■■,11. 


(3.1) 


The proportionality constant will be hxed in subsequent subsections. 

We now review, following the observation made in |105] that the condition for a curve to 
degenerate or factorize is given by that the kernel of the matrix made of the mixed second 
derivatives of the deformed prepotential be nontrivial. 

Continuing with the general discussion of subsection 2.2, let us hrst note that we obtain 
two different expressions for the mixed second derivatives from eq. fl2.16l) : 


da^dTi 



1 

27rif' 


res.^ ^dcjj. 


f = 1, • • • , Y - 1, 


£ : positive integers (3.2) 


We impose the condition 


ker-—-— Y 0, or rank——— < N — 2. 
da^dTi ^ ’ da^dTe “ 

Eq. fl3.3p has following straightforward implications: 

i) there exists a nonvanishing column vector (c^, c^, • • • c^~^, ■ ■ ■) such that 


o = E 




c = 


da^dTe eo.lTTTt 


E 


dVtic^ = —res 

5. ea. ^nm 27ri5=o 



(3.4) 
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Here, we have exploited eq. fl2.17p in the second equality and eq. fl2.10p in the third equality. 
The former equality implies that dhl = c^dVLi has vanishing periods over all Ai & cy- 

t 

cles.Then one can integrate this form along any path ending with a point ^ to define a function 
holomorphic except at punctures. As for the order of the poles at the punctures, it is generi- 
cally arbitrary according to the construction. But this is contradictory to the Weierstrass gap 
theorem derived from the Riemann-Roch theorem. To avoid a contradiction, we must have a 
degeneration. 

ii) there exists a nonvanishing row vector (ci, C 2 , • • • , cat-i ) such that 


N-l 


_ ~ _ &Hi+i 


2=1 


da^ 


in accordance with the second formula of eq. fl2.16p . Eq. (13.71) follows from 

dhi+i 


E' 


da^ 


= 0 , 


(3.7) 


(3.8) 


which is regarded as the statement of the vanishing discriminant. The moduli depend actually 
on less than — 1 arguments. 


3.2 emergence of the matrix model curve 


The list of papers which discuss subjects closely related to that of this subsection include 


Once we are convinced of the degeneration of the surface, we can proceed further by factor¬ 
izing the original curve, which, in the current example, is the hyperelliptic one. 

Let n — 1 be the number of genus after the degeneration. Following |HH1[H9] , we state 




(3.9) 


yP^(x) = HN-n{x)Rn-l{x) . 

Finally let us examine the last equality of eq. (l3.4p . Let 

N-l k 

5^ 7 (r0+ = Wk+^{x)= JJ((r - aj). (3.10) 

i=i ^ j=i 


^ The Weierstrass gap theorem states that 


for a given Riemann surface M, with genus g, and a point P G M, 
and g integers satisfying 1 = ni < n 2 < ■ ■ ■ < ng < 2g, 

there does NOT exist a function / holomorphic on M\{P} with a pole of order rij at P. 


(3.5) 

(3.6) 



















and 


■Y'j 1 


serve as bases of the holomorphic differentials of the rednced Riemann snrface. Ac- 
~ n — 1 differentials are holomorphic and the j = n one has been added 


V F2n 

tnally, only the j = 1 

through the blow-up process, which physically implies that the overall U{1) fails to decouple. 
We obtain 


and therefore 


0 = res 

x=oo 






2n 


Qk-nix) + ^2 

i>n 


(3.11) 

(3.12) 


Weobta.m / = f 2 n<?L., = in+i +/t-i. (3.13) 

Here, fk-i is a polynomial of degree k — 1. This is the curve appearing in the k-cut solution of 
the matrix model. 

We still need to see that H4+i(a;) introduced above is in fact a tree level superpotential. 
This is easily done by taking the classical limit A = 0: 

N 

Y = z = l[{x-pe). (3.14) 

e=i 

The original Seiberg-Witten differential becomes 

^ 1 

= a; ^ ——dx , (3.15) 

i=i ^ 

N 

which is equal to = -|- Ndx. (3.16) 

i=l 

Here, we have used that the canonical holomorphic differential becomes 

^ (class) ^ 

X-Pi 

in this limit. The period integrals over the A* cycles just pick up the residues at the poles pp 


(class) 


= Pi- 


(3.18) 


The degeneration in this limit is described as 


i=i i=i 


(3.19) 


In fact, the Nj poles coalesce at Pj, j = 1, ■■■ ,n and the canonical holomorphic differentials 
on the degenerate curve are 


dcn^. 


(class,red) 


dx 


X —13j 


(3.20) 
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The condition eq. flS.lip becomes 


0 = res , j = !,■■■ ,n, , (3.21) 

which tells us that 13j must coincide with one of the roots aj of hh^+i- The vev’s of the adjoint 
scalar helds are thus constrained to the extrema of Wk+i- 

Let us set k = n for simplicity. We have the reduced curve of 5 ^ = n — 1: 

+ fn-i{x). (3.22) 

and let us denote the coefficients of the polynomial fk-i by bi{aj), temporarily forgetting the 
aj dependence. We also mention here that the full set of parameters (moduli) of the model 
realized by the curve eq. fl3.22l) is 2n dimensional and can be represented by the cut lengths 
and cut positions: 

dim(moduh) = 2n ^ cut lengths + cut positions. (3.23) 



Figure 2: 


3.3 practical calculation 

The list of papers which discuss subjects closely related to that of this subsection include 

[^ ITnnlfTMfT^ . 

Let us now proceed to discuss the use of this machinery in calculation. As the condensates 
Si are quantum mechanical in nature, one can develop loop expansion using these, including 
the Veneziano-Yankielowicz term which contains the logarithmic singularity [^. The first 
question to be raised is what the distinguished meromorphic differential is to be used for such 
calculation. It must be ’’almost” holomorphic after the bi derivatives are taken. Recall that 
the bases of the ’’holomorphic” differentials are taken as j = I,-- - ,n — l,n. Rather 

obviously, such differential is found as 

dFinat = 2 /(a:)da;, with T 2 , • • • , T„, T„+i turned on. (3.24) 
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As before, the effective prepotential is introduced through the period integrals 


/ 


and 


V 



dS, 


(•cutoff 


d5, 


mat 


' i edge 


We have, however, no reason to set 




d5, 


mat 


'niLAA, 


(3.25) 


(3.26) 


equal to zero. This tells us the presence of the cutoff at the infinities of the surface. 

The expansion of T in Si was done in [97] , exploiting eq. fl3.25p and the small cut expansion 
as an intermediate step originally. This provided the answer given below for to the cubic 
order in Si (eq. (I3.34p - (I3.38p ). Yet, there exists a simpler procedure, namely, a calculus from 
T moduli thanks to the machinery discussed in the present review. The T moduli are easily 
identified as 

Tm+i = res = gUm, Um = (-)""'"e2^, (3.27) 

OO 

where 

^m(^) ^ ^ * * ‘ ^im * (3.28) 

The dependence of the prepotential on the T moduli is determined by the equations 


1 dJ^ _ dT 
g dui dTi+i 


1 

ITi 


,res(a;^+i-A^+i)d^^at. 


(3.29) 


Here is the term introduced in [100] in order to match with the computation done earlier. In 
order to carry out this task, we introduce intermediate expansion variables Si and parameterize 
the matrix model curve eq. (I3.22p by 


fn-lix) ='^Si JJ (2: - tti) 

i=l 


i=l 


S^ 

X — ai 


(3.30) 


The differential d^mat of eq. 03.241) has a straightforward expansion in Si. Therefore, Ai cycle 
integrations followed by the inversion provide an expansion of Si in Sj 





(Xij(yik^\ 


■S,Sk + ■■■ 


(3.31) 
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Here, we have introduced = at — aj, and Aj = aij. Another useful machinery is the 

da- a™ 

moduli derivatives of the roots a, of the superpotential, which read 7 -^ = Using these, 

OUm 

the right hand side of eq. fl3.29p is evaluated as 
'dWr,+i{a,) aPU.+i(A)\ 




dup 


dup 


jY.iSi+Sl-^S,S,)—\osa,,+ 


j<k 


(3.32) 


which is trivially integrated in Um to provide an answer. Let us mention that this proce¬ 
dure is straightforwardly generalizable to higher order contributions in Si and that the terms 
independent of a* can be easily obtained by several other methods. 

The expansion form of J^(S'|q!) which we managed to have proposed in [97] is[^ 

27riJ^{S\a) = Amgn+i |hA+i(A) -{J2S^ylogA+ 

\ i i / i 


^ c2 A /I C C I c 2 m , \^J^k+2{S\a) 

■9 (log T ~s) ~9 ~ + Sj)\ogaij + 2 ^ 


i=l 


(3.33) 


i<j 


Here, we have denoted by J^k+ 2 {S\a) the contributions of the k + 2 order polynomials in Si 
The explicit answer for 7 ^ 3 ( 6 'la) is 


J'3(S'|a) = '^Ui{a)Sf + '^Ui.j{a)SfSj + ^ Uijk{a)SiSjSk, 

ij^j i<j<k 


2=1 


/ 


Ui[a = - 
b 


\ 


\ 1 1 \ 1 

2^ n/2.A . Za” 2^ 


V 






3 2 

+ 


j<k 




i,k{¥^i) ) 

'-Ew). 


4 \ Oiij^i ^ij^j ^ij^i 


(*^) 


CiijiC^jk^j ^ki^kj^k 


Aj — m^_|_^(aj) — 


(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 


For the computation of higher orders as well as the inclusion of matter, see, for instance, 

[T281IT3THT33] . 


^In transition to this equation, there is a change in the normalization, which we avoid discussing here. 
See |100j 
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3.4 case of spontaneously broken J\f = 2 supersymmetry and Konishi 
anomaly equation 


The list of papers which discuss subjects closely related to that of this subsection include 

[TnilTlllHTl ITMim ■ 


The M = 2 effective action is completely characterized by the effective prepotential while, in 
the AT = 1 case, a typical observable is (the matter induced part of) the effective superpotential. 
The interplay of these two upon the degeneration of the original Riemann surface is most 
clearly seen by dealing with the case of spontaneously broken Af = 2 supersymmetry. This 
case accomplishes a continuous deformation from one to the other by tuning the electric and 
magnetic Fayet-Iliopoulos parameters. The action Sp ^2 realizing this is given by 


‘^ A /'=2 ~ 




■-Tr ( 

2 V 




- h.c. + ^1/'" 


d^xd^d ( + e<h° + 1 + h.c. 


(3.39) 


4 

Here, e, m are the electric and magnetic F-I terms and we vary these to interpolate the two 
ends, keeping gi = mg^ {i > 2) hxed: 


large (^, e, m) 


small (^, e, m) 


Af=l i - ^ - Af = 2 


In this subsection, we have denoted by the symbol an input function in the effective 
action eq. fl3.39p . For definiteness, we let the function be a single trace function of a 
polynomial in <F 

n+l 

= degJ-in = n + 2, (3.40) 

and the matter induced part of the effective superpotential Wes be 

f d‘^x{d^9Wefi-\-h.c.-\-(D-term.)) 

Let us now turn to the generalized Konishi anomaly equation. It is the anomalous Ward 
identity of the theory given by eq. fl3.39p and is derived by considering a response of the system 
under for the general local transformation = /(<F, W): 

^ = (Tr/hF'($)) - {|^Tr(/j;':(<F)>V“>V„)^ . (3.42) 


6471-2 


>V“, 


>V„ 


df 




(3.41) 
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The left-hand side is the contribution of the Konishi anomaly [80], which arises from the 
behavior of the functional integral measure under the transformation [17511176] . Introducing 
the two generating functions, we recast this into the following set of equations [161] : 


R{z)^ 


Tr 




T{z) = ( Tr 


647r2 \ z — ^ 
1 


R(zr = W’(z)R(z) + 

2R(z)T(z) = W(z)T(z) + 167T‘^iJz;"(z)R(z) + jc(z), 
where f{z) and c{z) are polynomials of degree n — 1 and, with some abuse in notation. 


(3.43) 

(3.44) 

(3.45) 


T-' 

ir 


[Z = 


9ez 


1-2 


n+1 


W"{z) 

m 


(3.46) 


The explicit form of f{z) and that of c{z) are not really needed in what follows. 

Let us make a few comments on this set of equations. The equation for R{z) is identical 
in form to that of the planar loop equation of the one-matrix model for the resolvent. This 
fact is shared by the theory in the large FI term limit, namely, J\f = 1 theory of adjoint vector 
superfields and chiral superfields with a general superpotential |145j . The equation for T{z), 
on the other hand, contains the cubic derivatives in and is distinct from that in the large 
FI term limit. This, in fact, leads us to the deformation of the formula connecting the effective 
superpotential with the object identified as the matrix model free energy from its well-known 
expression [90f[^ in SV=i, namely, the one in the large FI term limit. 

Our hnal goal in this subsection is to derive a formula for the effective superpotential. Let 
us dehne the one point functions as 

Vi = -^(TrW“W„4>^), Ui = (Trd)^, for 1 < £ < n + 1. (3.47) 

647r"' 

In terms of ve we define F as 

d F Tfi 

= -zrVi, for I < t <n + l. (3.48) 

ogi £! 

Using F, we can state the relation to be proven: 


'U// = 




OF 


m 


n+1 

1=2 


dF 
dgi-i ■ 


(3.49) 


Before proceeding to the proof of this relation, let ns go back to eqs. fl3.44p and (13.451) to obtain 
the complete information. We consider the most general case that the gauge symmetry U{N) 
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k k 

is broken to n£'(iv.) with k < n, = N. The indices i,j, ■ ■ ■ rnn from 1 to k while the 

i=l i=l 

indices I, J,- ■ ■ rnn from 1 to N. Of conrse, Nj = 0 (/ = k + 1, ■ ■ ■ ,n). Solving eq. (13 .44^ . we 
obtain 

Riz) = I (w'iz) - , (3.50) 

where the Riemann snrface S is genus n — 1 but its Aj cycles for I = k + 1, ■ ■ ■ ,n are vanishing. 
We conclude that the meromorphic function lives on a factorized curve 

= W’{zf + f{z) = N^.k{zfF 2 k{z), (3.51) 


Vred = F2k{z). 


(3.52) 


Here Nn-k{z), F 2 k{z) are polynomials of degree n — k and 2k respectively. On the other hand, 
substituting eq. fl3.50|) into eq. fl3.45|) . we obtain 


T{z) = 


c{z) 


A,/W'{zy + f{z) 


F'::(z) - 


W'{z)mz) 


(3.53) 


^W\zf + f{z) 

Let us list a few formulas that are obtained from eq. fl3.50p directly. The first set is |117] 
dR{z) gi{z) df{z) 


dSi 4y/ F2k{z) 


dS, 


= Nn-k{z)gi{z), i = 


(3.54) 


Here ^-^==, i = 1, • • • ,n is a set of normalized holomorphic functions, as is easily seen by 
taking the derivatives of the A cycle integrations. Also, define h{z) = —''^^Nigi{z). The second 


one IS 




m 




e=i 


dR{z) 

dge 


= 87rR F'Rz) 


( 




m 


■JWWTW) 

n X 

-'^9i+idf{z)ldgt ' 


£=i 


4^W'(z)^ + f(z) 


V 


(3.55) 


/ 


where we have used eq. (13.461) . 

The proof eq. fl3.49p goes by observing that it is equivalent to the truncation of the following 
equation up to the hrst n + 1 terms in the 1/z expansion. 


AT dR(z) 167r^* dRiz) 




(3.56) 
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Substituting eqs. fl3.50p . fl3.53p . fl3.54p and fl3.55p into eq. fl3.56p . we see that the proof becomes 
complete as soon as we obtain 


IQnH ^ df{z) 


m 


i=i 


where D{z) = c{z) — Nn-kh{z). 


(3.57) 

(3.58) 


Observe that there are two expressions for Nf. 

h{z 


Ni= (p Tiz)dz = - ^ _ 

ti. L. 


dz, i = 1,... ,k, 


and therefore 


T(,) + 


= 0, / = 1, • • • , n. 


Another consistency condition is 


oc f) f 


(3.59) 


(3.60) 


(3.61) 


Eliminating T”'{z) - ^ (^)-^ (^ L in the integrand of eq. fl3.60p and that of eq. fl3.6ip . we 

y'W'(2:)2+/(2) 

obtain 


0 = 


A, d^W'{zY + f{z) 


d^. 


(3.62) 


Expanding the integrand of this equation by a set of holomorphic differentials 2 : az 

\/W'(z)^+fiz) 

0, • • • , n — 1 of the original curve, we deduce eq. (I3.57p . 


4 AGT relation and 2d-4d connection via matrices 

The contents of the two preceding sections later had the upgraded treatments mentioned in the 
introduction. In this section we outline these developments triggered by the work m- 

4.1 Instanton partition function: What is 

The list of papers which discuss subjects closely related to that of this subsection include 
[TT81IT86] . 

Let us recall that the low energy effective action (LEEA) of A/" = 2 SU{Nc) SUSY gauge 
theory is specihed by the effective prepotential denoted in this section by Asw(oi) and that it 
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has undetermined VEV called Coulomb moduli = (0,). The bare gauge coupling and the 9 
parameter are grouped into 


q. = e bare T = -h 

bare ' bare _ 


9 Sni 


bare ^ ' 2 

Ki. 


(4.1) 


and -Tsw(oi) consists of the one-loop contribution and the instanton sum 

TT _ TT Tr(SW) 

SW 1-loop + inst ; 


(4.2) 


It was shown in [181] that is microscopically calculable in the presence of back¬ 

ground equipped with the deformation parameters ei and 62 as 

^inst(ei, 62, tti] q) = exp J'inst(6l, 62, , J'inst(0, 0, O*) = • (4.3) 

The corrections to the original are regarded as higher orders in the genus expansion with 

Qg = — 6162 . Its expansion in q is computable by the localization technique with 6 i, 62 acting as 
Gaussian cutoffs. 


•^inst(6(i, 61, 62, , q) — ^ ^ Zi^q , 
k=0 


(4.4) 


where 

(4.5) 

JMk 

is the “volume” of the fc-instanton moduli space. 

Let be the maximal torus of the gauge group SU{Nc). Since we also have the maximal 

torus of 50(4), namely, the global symmetry of R"^, the T = action can be dehned 

on the instanton moduli space. Then the integral in eq. (14. 5 p are computed T-equivariantly and 
consequently we obtain the regularized results. According to the localization formula, eq. fl4.5p 
is reduced to the summation of the contribution from the hxed points which are parametrized 
by Nc Young diagrams Y = (Y*^^\ • • • , 


Zk= Zy, (4.6) 

\Y\=k 

where |Y| = is the total number of boxes. Each is provided through a combina¬ 

torial method. 
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4.2 /3-ensemble of quiver matrix model and noncommutative curve 


The list of papers which discuss subjects closely related to that of this subsection include 

[IHM33]. 

In this subsection, we give a general discussion of /5-deformed matrix models at hnite N (size 
of matrices) and with generic potentials and the attendant noncommutative curve. The curve 
at the planar level, which the original S-W curve for SU{Nc) gauge group with 2Nc flavours 
are relevant to, turn out to come out in a relatively transparent way in the limit. 

Let us begin with the /9-deformed (/3-ensemble of) one-matrix model : 

Z = yd''A(A(A))+“bxp(^^W''(A,)V (4.7) 


where 

A(A)= n (4.8) 

1<I<J<N 

is the van der monde determinant. 

The Virasoro constraints |192fll94|ll97] . namely the Schwinger-Dyson equations of this 

^ d 1 

model for the resolvent, are obtained by inserting } — -into Z. Adopting the op- 

j^^oXi z- Xi 

erator notation of conformal field theory. 


J{z) = m(z) = ^W{z) + V2bE IV (4.9) 

T(2) =-1 : a.).(x)2 :+%92^(2), QE = bE-^, (4.10) 

2 V2 Oe 

they can be written as the vanishing vev of the non-negative part of T(z), 


namely, T{z)\^, {{T{z)\^)) = 0. 

Eq. (14.111) can, therefore, be written as 


{{9sT{z))) 



-:^g^w"iz)-fiz), 

W'iz)-W'iXi)\\ 
z-X, //■ 


Quite separately, let us introduce the “curve” {x, z) 


= {v{z),z) by 
= - g^AT{z))) 


0 . 


(4.11) 


(4.12) 

(4.13) 


(4.14) 
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Two remarks are in order. First of all, in order for the first equality to be true, x and ^ must 
satisfy the noncommutative algebra: 


[x,z]= Qe9s 


(4.15) 


Second, in order for eq. (Id.ldh to be algebraic, the singularities in {{T{z))) must be absent. This 
condition is ensured by the Schwinger-Dyson equation eq. fl4.1ip . 

Let us turn to the quiver matrix model (/? deformed) which the effective prepotential 

for the SU{Nc) gauge theory with 2Nc flavours are relevant to. This matrix model has been 
constructed [203] such that it automatically obeys the constraints at finite Na, a = 1, • • • r, 
r = Nc-l] 


r ( N ^ / T Na 

a=l L/=l j a=l 1=1 


(a)^ 


(4.16) 


r Na Nf, 

Ax„._.(A)=n n n (4.17) 

a=l l<7<J<A^a l<a<6<r 7=1 J=1 

We follow the logic of /9-deformed one-matrix model at finite Na- In this model, there exists 

Na 


Nc spin 1 currents that satisfy Ji{z) = 0: 


i=l 


Na-1 


1 -c ^ 1 

Ji{z) = id(pi{z) = —ti{z) + ^ ((5i,a - hi,a+l)Tr — 

a=l ^ 




Nc-l 


Nc-1 


ti{z) = «^a(2^)- 


a=l 


Note that 

: det(x - igsd(j){z)) :=: JJ ( 2 : - gs-M^)) ■ 

l<i<Nc 

contains generators and the constraints are expressible as 

{j|^det(a; - igsd(j){z))\^J^ = 0. 

The curve S (x = yi{z), z) that we postulate in [233] is 

( det(a: - igsd(p{z))} = 0. 


(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 


The isomorphism with the Witten-Gaiotto curve has been established by taking the planar 
limit of this construction as we will see in the next subsection. In fact, the planar limit implies 
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the singlet factorization which assigns the c number value to the operator d(j){z) and the curve 
factorizes as 

Nc 


0 = - Viiz)) ~ Umg^Ji, {x, z) = {yi{z), z). (4.23) 


2=1 


where 


yi{z) := lim i^,((av7i(^))). 

Qs^O 


(4.24) 


4.3 the three Penner potential and the agreement with the Witten- 
Gaiotto curve 


The list of papers which discuss subjects closely related to that of this subsection include 
Let us specialize our discussion to the three Penner model. Choose the potential as 

3 

Wa{z) = ^(/ip, tta) log(gp -z), qQ = oo, qi= 0, q 2 = 1, Qs = q- (4.25) 

p=i 

The matrix integrals of this case realize the integral representation of the conformal block and 
the size of each matrix corresponds with the number of screening charges we have to insert to 
built the block. As is clear from the discussion above, the planar spectral curve of the Ajv^_i 
quiver matrix model takes the form 


X 


Nc _ 


^^[z{z-l){z-q)f 


(4.26) 


for some polynomials Qk{z) in z. 

On the other hand, the Seiberg-Witten curve for the case of SU{Nc) gauge theory with 
2Nc massive flavour multiplets, originally proposed in |236] . can get converted into the Gaiotto 
form [238] by 


x^^ = 




df(i) 


^ (t(t- l)(t-gbare))' 


-X 


Nc-k 


(4.27) 


where P^{t) are degree 2k polynomials in t. The two curves eq. 04.261) and eq. 04.27P are 
evidently similar. We can also see that the residues of yi{z)dz (i = 1, • • • , W) at = 1, q, 0, cx3 
and those of xdt at f = 1, gbare, 0, oo on the Tth sheet can be equated. 
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For general Nc, these residues in fact match if the weights of the vertex operators are 
identihed with the mass parameters of the gauge theory by the following relations 

Nc-l Nc-l 

/io = ^ i-ma + ma+i)A“, hi = X] “ ma+i)A“, 


a=l 


a=l 


Nc 


Nc 


h2 = 


h3 = 




. i=l 


, 2=1 


The matrix model potentials Wa{z) {a = 1,2,..., — 1) are hxed as 


IVc 


Wa{z) = {rUa - ma+i) log + 6a, I X] log(l - 


. 2=1 


Nc 


+6a,N-i X] "i* log(guv - 


. 2=1 


(4.28) 

(4.29) 


(4.30) 


With this choice of the multi-log potentials, the quiver matrix model curve in the planar 

limit coincides with the SU{Nc) Seiberg-Witten curve with 2Nc massive hypermultiplets. 


4.4 direct evaluation of the matrix integral as Selberg integral 

The list of papers which discuss subjects closely related to that of this subsection include 

[27TH319]. 

In this subsection, we consider 2-d conformal held theory which has the Virasoro symmetry 
with the central charge c. The correlation functions for primary operators ^a{z,z) with the 
conformal weight A are strongly constrained by this symmetry. We are interested in the four- 
point functions which can be expressed as 

{'tA,(oo,oo)'tAi(l,l)*A,(<;,9)4A4(0.0)) = ^C’ai'ajA'a.C'a'aj Ai, Aj, a,, A4, a,) 

(4.31) 

The sum on I is taken over all possible internal states. Here and C'aiA 2 model- 

dependent factors. In contrast, the conformal block @ denoted by lF{q\c-, Ai, A 2 , A 3 , A 4 , A/) is 
a model-independent and purely representation theoretic quantity, 

.F(g|c;Ai,A2,A3,A4,Ad= (4.32) 

TI=T'| 

where Qa{Y, Y') = (A|LyL_y' | A) is the Shapovalov form with Ly = Lk^Lk^ ■ ■ ■ Lk^ for partition 
Y = {ki, k 2 ,..., ke) and 

7a,Ai,A2 (^) = 1 ^ — A 2 + kj I . (4.33) 


2=1 


j<i 


^For a review, |3501I351] . 
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Let us consider the four-point conformal block on sphere, 


J^(g|c; Ai, A 2 , A 3 , A 4 , A/), (4.34) 

with 

c = 1 - 6 Q|, Ai = ^ai{ai - 2 Qe), Aj = - Qe)- (4.35) 

The parameter 04 is determined by the following momentum conservation condition which 
comes from the zero-mode part: 

0^1 + 0^2 + 0^3 + + 2,{NE + Nji)hE = 2Qe- (4.36) 

The internal momentum aj is given by 

a I = (y.\ -\- oi2 -\- ^N^bE = —cus — 0:4 — + 2Qe- (4.37) 

Eq. (I4.34P has an integral representation as a version of /9-deformed matrix model. Actually, 
the Dotsenko-Fateev multiple integrals, 

^pert-(Selberg)2 (g | A^L, «!, a2] Nr, 04 , 0:3) = g^/-^l-^2(l _ g)(l/2)a2«3 
/Nl „i \ Nl 

^ (n/ dx/ I |x/— 

\l=l “'0 / 1=1 1<I<J<Nl 

/ Nr I \ Nr 

^ n / d!/dn 

\j=l “'0 y 1<I<J<Nr 

Nl Nr 

xYlYli^-qxjyjY^E^ (4.38) 

7=1 J=1 

are regarded as a free field representation of eq. (14.341) . 

From now on, we follow the discussion of |298] . Eq. fl4.38p is in fact partition function of 
the “perturbed double-Selberg matrix model”. If we forget the Veneziano factor _ 

g)(l/2)a2a3 

, we see that at g = 0 this expression decouples into two independent Selberg integrals. 
In order to develop its g-expansion, it is more convenient to interpret this multiple integrals as 
perturbation of the products of the two Selberg integrals. 

We have the following expression of the perturbed double-Selbarg model: 

•^pert-(Selberg)2 (g I bE] Nl, ai, 0:2; Nr, a^, a^) 

= q^i N ^2SQ(^lj^-^]\fj^^(y-^^a^-^]\f^^a4,a3)B{q\bE;NL,ai,a2;NR,a4,a3), (4.39) 
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where 


^oipE] Nl, «!, a2] Nji, 04, 03 ) 

= Snl{^ + &eOi, 1 + &EO 2 , b%) S'Ar^(l + bEOiA, 1 + 

B{q I bE] Nl, Oi, 02 ; 04 , 03 ) 


(4.40) 

(4.41) 


n Nj^ Nji Ni^ Nb. 

= (1 _ g)(l/2)«2a3 A JJ (1 _ _ qy)) (.4.42) 


Here Sn^ and Snb are the celebrated Selberg integral 

>^jv(A,/ 52,7) = (n / dx/ j JJa;f"^(l-a;/)^2-i JJ 

\/=l >^0 / 7=1 l<7<J<Ar 

and the averaging ((• • ■}nl,Nb is taken with respect to the unperturbed Selberg matrix model, 


\xj - 


(4.43) 


^(Selberg)2(&E; Nl, Ol, O 2 ; Nr, C^A, Os) 

= ^Selberg(&£;; Nl, «!, a2)-Z^Selberg(^£;; Nr, 04, 03) 

:= (1 + fesOi, 1 + 6^02, b\) Snb{^ + bE^A, 1 + bEOi^, b\). 


(4.44) 


Below we also use ((• ■ ■)nl and ((• ■ ■)nb which imply the averaging with respect to ^seiberg(lV'L) 
and to ^Selberg(IV tj), respectively. 

The function B{q) = B{q \ bE', Nl, Oi, 02 ; Nr, Ua, 03 ) has the following g-expansion |298] : 




7=1 


= (( exp 




k=l 


^02 1 \ bE 2^ 2/j + 2«3 


= (1 -g)d/2)“2«3^('^)^ 

where we have defined A{q) by 

00 

A{q) = 1 + ^2 


1=1 


= \\ exp 




Nb 


y) 


k=l 
00 B 

qk 


1=1 


Nl 


J=1 

Nr 


«3 + &r 5 ^ 2 /j 


k=l 


1=1 


J=l 


Nl,Nr 


Nl,Nr 


(4.45) 

(4.46) 


(4.47) 
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It takes form 


k=o |yi|+|y 2 |=fc 

Note that a pair of partitions (Yi,Y 2 ) naturally appears. 

In general, the following correlation function is calculable: 


(4.48) 


N 


Zpert-seiheTg(/3i,/32,7;{gi}) := Sjv(/3i, /32, j) (( exp ^W(xr,g) 


, 1=1 


N 


with 


W{x-g) = J2 


= 2^giX 

i=0 


(4.49) 


(4.50) 


The averaging is with respect to the Selberg integral eq. 04.431) . The exponential of the potential 
is expanded by the Jack polynomial 

exp =J2Cx\g)Px^^\x), (4.51) 

where P^^'^\x) is a polynomial of a; = (xi, • • • , xn) and A = (Ai, A 2 , • • •) is a partition: Ai > 
A 2 > • • • > 0. The Jack polynomial is characterized as the eigenstates of 


N 


Xi 


d 

dxj 


+ 7 


xi + Xj 
Xi - Xj 


d 


d 


-— 

UXj (JXj 


(4.52) 


7=1 ^ ^ ^ l</<J<Ar 

with homogeneous degree |A| = Ai + A 2 + • ■ ■ and is normalized such that 

pb/7)(^) ^ rnx{x) + ^aA^m^(x). 

ii<\ 

Here g, < X stands for the dominance ordering dehned by 

|/i| = |A| and gi + ^ 2 -\ -h /Xn < Ai + A 2 H-h A„ for all n > 1, 


(4.63) 


(4.54) 


and mx{x) is the monomial symmetric function. Explicit forms of the Jack polynomials for 
|A| < 2 are as follows: 

N 


Fp'(x) = 




7=1 


^(2)''^ (x) = ^{2) (x) + 777(12) (x) = ^xj+ 


1 + 7 '"'"^''"' '1 + 7 


^ XjXj, 


1<I<J<N 


P^ll)\x) = m(^i2){x) = ^ xixj. 


(4.55) 


l<7<J<Ar 
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The Selberg average for single Jack polynomial is known as Macdonald-Kadell integral |276l 
127811282] which implies that 




41 (A+& + (2/V-l-i)7),. 

" ,.n (yvTTppTTTh)- 


where (a)„ is the Pochhammer symbol: 


(4.56) 


{a)n = a{a + 1) ■ ■ • (a + n — 1), (a)o = 1, (4-57) 

and A' stands for the conjugate partition of A. 

In order to apply this to eq. fl4.39l) . let us set 7 = 6 |; and 

N —>■ Nl, /3i ^ 1 + Bec^Ii /32 1 + bEOi2, (4.58) 


for the “left” part. Similar replacement yields the expression for the “right” part. We obtain 




Nl 


n 

i>l 

n 


{l + hEa^ + hUN (6|(iVi + l-z)), 


( 2 + 6e(q;i + 02) + b\{2NL — 1 — i) 
1 


(•^j — 3 + — i + 1)) 


(4.59) 


From the explicit form of Jack polynomials for |A| < 2 listed in eq. fl4.55p . we obtain 



bENhibENL — Qe + Oil) 

{ai — 2 Qe) 


(4.60) 


bENiibENi — bE){oii + BeNl — Qe)(q:i + BeNl — Qe — Be) 
{aj — 2 Qe){o'i — 2Qe — Be) 


(4.61) 

hENhioii + BeNl — QE){oi2 + BeNl — Q_b)(q;i + 02 + BeNe — 2Qe) 
{aj — 2 Qe){o'i — 3Qe + bE){ai — 2 Qe — Be) 

(4.62) 


Recall, at g = 0, the perturbed double-Selberg matrix model reduces to a pair of decoupled 
Selberg integrals. The original model (g 7 ^ 0) is built through the resolvents as in eq. fl4.42p . 
For dehniteness, let us consider the left-part, 


^Selberg(&E; Oil, 02 ) 



n 

1 <I<J<Nl 


Nl 


Xi - Xj 


26| 




exp IBe^W (xi) 


1=1 




(4.63) 
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where 


W(x) = «! log a; + Q !2 log(l — x). 


(4.64) 


By inserting 


IVl 

E 

1=1 


d 1 

dxi z — X/ ’ 


into the integrand, we obtain the loop eqnation at hnite N, 

■-) 

'dz 


wnjXz) I }) + (^W'{z) + Qe-^^ ^ 


where 


^ ^ ^ ^ 1 f f \ //u W'{z) — W'{xi) 

uxw . /».w 

The expectation valne of wn^{z) is the finite N resolvent 

Nl 


wnA^) ■= = Y^^ — 


I=i 11 Nl 


By looking at 0(1/2;), 0(1/2:^), 0(l/z^), we obtain the exact resnlts: 


Nl 


{{bEPil){Y)NL = 


/=1 // Nl 


Inl^z) = 


Nl 


-WNLiO) - — 

Nl 


Xt 

/=i ^unl 


'WNtX^) - (( bE Y 


r 1 1 

/=1 // Nl 


bENiibENi — Qe + tti) 

(«! + 02 + 2bENL — 2 Qe) ’ 
&e-^l(«i + 02 + bENi — Qe) 

1(7^^!) ' 

bENiicii + a2 + bENi — Qe) 

Q-l 

^e-^l(q;i + 02 + bENi — Qe) 

02 


(4.65) 


(4.66) 


(4.67) 


(4.68) 


(4.69) 


The hrst one agrees with eq. fl4.60l) . 

Now, let us determine the 0d-4d dictionary. In the matrix model (Od side), we have seven 
parameters with one constraint eq. fl4.36p : 


&E, Nl, «!, ^2, Nr, Q!4, Q^s, 


(4.70) 


while in A/" = 2, SU{2), Nf = 4 gauge theory (4d side), there exists six unconstrained parame¬ 
ters: 

ei a mi m 2 m 3 m^ . . 

5 5 5 5 5* \^* ' 

9s 9s 9s 9s 9s 9s 
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Here a is the vacuum expectation value of the adjoint scalar, are mass parameters and ei is 
one of the Nekrasov’s deformation parameter. By looking at Bi = Ai — |a 2 a 3 and the explicit 
form of 


we obtain 


bE^L — 


tti — 


«3 — 


Nek 

(a + mi) (a + m 2 ) (a + m 3 ) (a + mi) 

(4.72) 

hUO] 

2 a( 2 a + e)g‘l 

Nek 

1 

1 

to 

1 

CO 

1 

(4.73) 

■[o],[i] 

2 a( 2 a - e)gl 


a-m 2 , a+ 7713 

-, OeNr = - 


9s 


9s 


— {m 2 - mi + e), 

9s 


ot2 = —(m 2 + mi), 

9s 

Q !4 = —(m 3 — mi + e). (4.74) 

9s 


The hrst two formulas tell us clearly the necessity that the hlling fractions of the /9-deformed 
matrix model must be explicitly specihed at hnite iV in order to exhibit the Coulomb moduli. 
In the next order, the expansion coefficients A 2 are rearranged as 


A 2 — ^ ^ A 




= A 


( 2 ),( 0 ) 


A 








A 


( 0 ),( 12 ) 


+ A 


( 0 ),( 2 )) 


(4.75) 


T1I+IV2N2 


where 

^Yi,y 2 = (( My^,y2 {^) (( • (4-76) 

Unfortunately, hnding M and M are not straightforward. But at least for |Yi| + IU 2 I ^ 2, the 
explicit forms for them have been obtained. For examples, 

MpuaM = blP'A^'iv), M„,|,,„,(») = 

We illustrate our discussion in this section by Fig. |3l 
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6d 


folklore iaZO’s 
AGT conjecture ‘09 


M=2, SU{Nc) 

Nf = 


abelian, 



2d 


4d two-derIvatIve appx. 


■ei ,62 

inst 



q expansion 


“Matrices" ' 
P-deformed 


Figure 3: Bird view of the 2d-4d connection through matrices 


4.5 more recent developments 

The list of papers which discuss subjects closely related to that of this subsection include 


[262l|30ll[352H397]. 


We have reviewed the 2d-4d connection from a view point of the matrix model. In this 
subsection, we comment on some of the more recent developments. 

In the last subsection, we have presented the connection between the Virasoro conformal 
blocks and the four-dimensional SU{2) instanton partition functions via the matrix model and 
the Selberg integral. This discussion has been generalized in part to that between the 
blocks and the SU{N) partition functions |376] . 

The both sides also have a natural generalization as a g-lift |364] . The Virasoro/fhAr sym¬ 
metry in the two-dimensional CFT side is deformed to the g-deformed Virasoro/IFAr symmetry 
while the four-dimensional SU{N) gauge theory is lifted to the hve-dimensional theory. It is 
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interesting to consider the root of unity limit q —)■ e~ of the g-Virasoro/W at algebras. The ap¬ 
propriate limiting procedure [38611391] to the root of unity exhibits the connection between the 
super Virasoro (r = 2) or the Z^-parafermionic CFT and the gauge theory on R'^/Zr |368]I370] . 

There are several pieces of work |301[l363ll3791l384] which prove the 2d-4d connection. The 
explicit identihcation can be established in the case oi (3 = 1 [36611367] . In order to apply to the 
/9 7 ^ 1 case, the conformal blocks have to be expanded by the generalized Jack polynomial [385] 
that modihes the standard one. For some lower rank cases, this has been explicitly constructed 


[ 388 ] . 
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